We give a simple upper bound for the upper box dimension of a forward invariant set of a C 1 -diffeomorphism of R n . This result can be extended to the class of C 1 -mappings with finite topological degree. We apply these results to provide estimates for the dimension of the Hénon attractor and Julia sets in two complex variables.
Introduction
Recently, much research has been done on the investigation of the fractal dimensions of an invariant set of a discrete dynamical system. The problem of estimating the dimension of hyperbolic sets has proved very popular (see [P] and the references therein). Only little knowledge exists concerning the dimension of more general invariant sets.
In this paper we consider the dimension of a general forward invariant set of a C 1 -diffeomorphism in R n . We only require that the diffeomorphism is volume increasing near the forward invariant set. In particular, we prove the following theorem. Here dim B I denotes the upper box dimension of I (see [M] for the definition). Because the upper box dimension of a set is always greater than or equal to its Hausdorff dimension, inequality (1.1) also gives an upper bound for the Hausdorff dimension of I . In [F] , Franz derived an upper bound for the Hausdorff dimension of an invariant set I of a C 1 -diffeomorphism f under the condition that I admits an equivariant splitting of the tangent bundle. This bound is given in terms of an inequality between the different contraction (expansion) rates induced by the splitting and the topological entropy of f | I . In many applications this bound provides good and sometimes even sharp dimension estimates for I .
The result of Franz is also applicable to the situation considered in theorem 1.1 using the trivial splitting R n = {0}⊕R n . Nevertheless, in some applications, for instance for real Hénon mappings (see section 3), theorem 1.1 gives good dimension estimates, but the result of Franz cannot provide non-trivial results. On the other hand, there exist examples where the bound derived by Franz is strictly smaller than that of (1.1). Finally, we note that our result can be extended to C 1 -mappings of finite topological degree (see section 4). This paper is organized as follows. In section 2 we present the proof of theorem 1.1. In section 3 we apply theorem 1.1 to invariant sets of Hénon mappings in R 2 . In particular, we show that the upper box dimension of the Hénon attractor is close to 1 if the modulus of the Jacobian determinant of the Hénon mapping is small. In section 4 we extend theorem 1.1 to C 1 -mappings of finite topological degree. This result is applied in section 5 to Julia sets of certain polynomial endomorphisms of C 2 .
Proof of theorem 1.1
First we need the following lemma. Proof. For k ∈ N we define
Since the Jacobian determinant is multiplicative we have
It is well known that this implies the existence of lim k→∞ 1 k b k (see, e.g., [W] , p 87). Similarly the existence of the limit defining s follows from the fact that the operator norm is sub-multiplicative. We have
| for all x ∈ I and all k ∈ N. Going over to the maximum (respectively, minimum) and taking the logarithm implies s b n .
Remark. Since all norms in R n are equivalent, the values of b and s are independent of the norm.
Proof of theorem 1.1. Since f is a diffeomorphism, it has a non-zero Jacobian determinant. Therefore, b and s are well defined according to lemma 2.1 and b > 0 implies s > 0. Let δ > 0 be small. Since f is a C 1 mapping, it follows from the definition of b and s and an easy continuity argument that there exists k δ ∈ N and > 0 such that
and
for all x ∈ B(I, ) := {x ∈ R n : ∃y ∈ I, |x − y| < }. From now on we consider the mapping g := f k δ . Observe that I is also forward invariant for g. For all k ∈ N we define real numbers
and neighbourhoods B k := B(I, r k ) of I . Let x ∈ B k . Then there exists y ∈ I with |x − y| < r k . An elementary induction argument in combination with the mean-value theorem implies |g
where A ρ := {x ∈ R n : ∃y ∈ A : |x − y| ρ}. Let t ∈ [0, n] and ρ k := r k 2 for all k ∈ N. Then we have
(2.4)
< 1. This implies M * t (I ) = 0. Therefore, we conclude t dim B I (see [M] ). Since δ can be chosen arbitrarily small the desired result is shown.
Remark. In some applications the set I contains a stable, respectively, unstable manifold M which is dense in I . In that situation we can improve (1.1) by using
instead of s.
Dimension estimates for Hénon mappings
In this section we consider polynomial diffeomorphisms of R 2 of the form
where P is a real polynomial of degree at least two and a is a non-zero real number. These mappings are called Hénon mappings. Note that f has constant Jacobian determinant a. Here we will only consider the volume decreasing case, i.e. |a| < 1. We define K ± as the set of points in R n with bounded forward, respectively, backward orbit and
Then it is easy to see that K + and K − are closed invariant sets and K is compact. Each of these sets may be empty. Every periodic orbit of f is contained in K, so the existence of a periodic orbit implies that none of these sets is empty. As in [FM, BS] , one can construct a bounded open
Proof. The proof follows directly from theorem 1.1 considering the fact that f −1 has constant Jacobian determinant a −1 .
Remarks.
(a) Since W u (K) = K − (see [BS] ), it is easy to see that the upper bound in (3.2) does not depend on the choice of the neighbourhood U . (b) If K − is bounded, then (3.2) also provides an upper bound for the upper box dimension of
. This implies that the upper bound in (3.2) is also an upper bound for the Hausdorff dimension of K − . (c) If f has an attractor, then (3.2) also provides an upper bound for the upper box dimension of the attractor. This is true, in particular, for the set of parameters discussed in [BC] . It is easy to see that for these parameters the mapping f has a saddle fixed point, whose unstable manifold is contained in the attractor. Therefore, the Hausdorff dimension of the attractor is at least one. Proof. Let V ⊂ R 2 be compact. Since C is compact, there exists (similar to the complex situation, see [BS] ) a bounded open set U ⊂ R 2 such that K a,c ⊂ U for all (a, c) ∈ {0 < |a| 1} × C. Therefore, an elementary calculation shows that there exists C 1 > 0 such that for these parameters we have max{ Df
. Therefore, we can conclude by proposition 3.1 that
Using the exhaustion in remark (b) we obtain
Choosing |a| small enough implies the desired result.
In particular, it follows that the upper box dimension of the Hénon attractor is close to one for the parameters considered in [BC] . For the Hausdorff dimension the analogous result also follows from the application of a result of [DO] . Similar results to proposition 3.1 and corollary 3.2 also hold for finite compositions of generalized complex Hénon mappings (see [Wo] ). 
Proof. The proof is similar to that of theorem 1.1. Therefore, we just present the different part. Since the Jacobian determinant is non-zero on I , there exists a neighbourhood of I on which f can be considered locally as a C 1 -diffeomorphism onto its image. Let us assume B(I, ) is such a neighbourhood. Analogously to the proof of theorem 1.1 we can construct neighbourhoods B k of radius r k such that g k (B k ) ⊂ B (I, ) . Since B k is bounded there exist
Thus the sets V k l are pairwise disjoint and their union is B k . Therefore,
The rest of the proof is analogous to that of theorem 1.1.
Dimension of Jordan tori in C 2
In this section we apply theorem 4.1 to Julia sets of particular polynomial endomorphisms of C 2 . We consider mappings of the form
where P , Q are quadratic polynomials of two complex variables. Let us write f 0 (x, y) := (x 2 , y 2 ). The dynamics of f for f close to f 0 has been studied in detail by Denker and Heinemann [DH] . They show that f restricted to the Julia set J (f ) is homeomorphically conjugate to f 0 restricted to J (f 0 ) = {|x| = |y| = 1}, and that the corresponding homeomorphism is close to the identity. This implies that J (f ) is within an -neighbourhood of {|x| = |y| = 1} if f is sufficiently close to f 0 . An elementary calculation yields in the case f = f 0 . Note that det Df (x, y) refers to the complex Jacobian determinant and the real Jacobian determinant of f as a mapping of R 4 = C 2 is equal to the square of the modulus of the complex Jacobian determinant. The mapping f has topological degree 4. Thus the right-hand side of (4.1) gives the number 2 in the case of f 0 . If f is close to f 0 the quantities in (5.1) and (5.2) are close to 2 and 4, respectively. Thus we obtain the following result from theorem 4.1. An elementary calculation, which is left to the reader, yields that dim B J (f ) < 2.05 for the set of parameters considered in [DH] .
